APPENDIX:�Methods for the Calculation of Rigid Body Kinematics


In the following, the methods which were used to calculate intersegmental joint motions will be described in detail.


NOTATIONS


X, Y, Z	=	global coordinates


X	=	direction of locomotion


Y	=	vertical


Z	=	perpendicular to X and Y (right handed coordinate system)


Xi, Yi, Zi	=	local coordinates in segment i


Xi	=	anterior-posterior axis (Xi+: anterior)


Yi	=	proximal-distal axis (Yi+: proximal)


Zi	=	medio-lateral axis (Zi+: lateral (medial) for the right (left) leg)


Hx, Hy, Hz	=	relative (translational) orientation between two segments, or in general, between two coordinate systems.


a, b, g	=	relative (rotational) orientation between two segments, or more precisely, between two coordinate systems. a, b, g denote rotations around the x, y, and z axes, respectively.


rA	= 	location vector in coordinate system A. rA has the following form:


		� EQ \B\lc\[\rc\](\A(xA,yA,zA,1))�


T	=	transformation matrix:


		�EMBED Equation ���


TAB	=	matrix transforming coordinates from coordinate system "A" to coordinate system "B":	rB = [TAB] rA


		TAB = söderkvist([rA; rB])† 


A	=	Anatomical coordinate system based on roentgen-stereo analysis (RSA).


S	=	Anatomical coordinate system based on a neutral position (standing trial).


R	=	Global coordinate system of the RSA measurements


G	=	Global (kinematic) coordinate system


ri	=	rotation around i-axis


Rijk	=	[rk] * [rj] *[ri] (see also page � PAGEREF rotationmatrix �5�)


ANATOMICAL REFERENCE FRAMES


Segmental coordinate systems (anatomical reference frames) are needed to determine the relative position of two adjacent segments of the human body. For this project, anatomical reference frame were determined with two different methods:


Neutral Position:


A standing trial or a defined neutral position is used to align the segmental (anatomical) coordinate system to the global (lab) coordinate system. Such coordinate systems cannot be used to calculate meaningful relative translations between two adjacent segments. Furthermore, anatomical coordinate systems that are based on a standing trial do not account for “misalignment” of different segments with respect to each other (e.g. varus/valgus positions).


Roentgen Stereo Analysis (RSA):


	An anatomical reference frame can be determined with the use of digitized landmarks and/or directions in the radiographic reference frame. Anatomical reference frames based on RSA account for subject difference in alignment, but their definition is “arbitrary”, i.e. depends on how medio-lateral, proximal-distal, and anterior-posterior axes are defined in the RSA views.





Definition of anatomical coordinate system based on a neutral position


The subject has the segments in a neutral (standing) position where it is assumed that the segments are aligned with the global (laboratory) coordinate system:


rG = rS


Definition of anatomical coordinate system based on RSA


Definition of an anatomical (femur, tibia, and calcaneus) reference frame with the use of digitized anatomical landmarks or directions (in radiographic reference frame).


rA  =  [TRA]  rR


�SYMBOL 222 \f "Symbol"�	[TRA] can be determined with the use of the "Söderkvist algorithm" (Söderkvist and Wedin, 1993).





Example:	söderkvist([0 0 0,1 0 0, 0 1 0; new origin RSA coordinates, point 1/0/0 in new anatom. coord. system expressed in RSA coordinates,...])





�


�



The position of the bone markers in each segment can be calculated with the use of [TRA]:





rAbone markers = [TRA] rRbone markers





�
�
FILM/ VIDEO ANALYSIS


Determination of absolute and relative orientation of two adjacent segments. As an example, the femur, tibia, thigh and shank segments will be used:





Absolute orientation of a segment


known:	rG, rA of the markers


unknown:	transformation matrix, TAG





rGsegment  =  [TAsegmentGsegment] rAsegment 


�SYMBOL 222 \f "Symbol"�	[TAG] ([TAsegmentGsegment]) can again be determined with the use of the "Söderkvist algorithm".





Relative orientation of two adjacent segments


Note that rA  stands either for a location vector in (a) an anotomical coordinate system based on a neutral (standing) position or (b) in an anatomical coordinate system based on RSA. For this example, the two adjacent (articulating) segments are the femur and the tibia.


femur (or thigh):	rG = [TAfemurG] rAfemur


tibia (or shank):	rG = [TAtibiaG] rAtibia





rAtibia	=	[TAtibiaG]-1 [TAfemurG] rAfemur	


		(	[TAfemurAtibia] rAfemur	





rAfemur	=	[TAfemurG]-1 [TAtibiaG] rAtibia	


		(	[TAtibiaAfemur] rAtibia	


CALCULATION OF CARDAN ANGLES AND TRANSLATIONS


conventions:	X	=	anterior-posterior axis (Xi+: anterior)


	Y	=	proximal-distal axis (Xi+: proximal)


	Z	=	medio-lateral axis (Zi+: lateral for the right leg, medial for the left leg)


JCS as proposed by Grood and Suntay (1983), and Cole et al. (1993) were used.


Tibio-femoral motion


Sequence: Z-X-Y (rAtibia = [TAfemurAtibia] rAfemur = [Rzxy] rAfemur)


(1)	g:	flexion/extension:	rotation about Z-axis of femur (femoral-fixed medio-lateral axis)


(2)	a:	ab/adduction:	rotation about the floating axis


(3)	b:	int./ext. knee rot.:	rotation about Y-axis of tibia (tibial-fixed longitudinal axis)





Rzxy	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg + sina sinb sing,cosg sina sinb - cosb sing,cosa sinb,Hx cosb + Hz cosa sinb ,cosa sing,cosa cosg,-sina,Hy - Hz sina ,-(cosg sinb) + cosb sina sing,cosb cosg sina + sinb sing,cosa cosb,Hz cosa cosb - Hx sinb ,0,0,0,1))�





Determination of a, b, and g:	Solve for a, b, and g using appropriate elements 	of the matrix above


Determination of translations:	ant.-posterior drawer (x)	=	Hx


		compr./distraction (y) 	=	Hy + sinb Hz


		medio-lateral shift (z)	=	Hz + sinb Hy


	Note that the translations (except along the floating axis) have to be corrected fo the rotation about the floating axis (Grood and Suntay, 1983; Lafortune, 1984).








The use of the above transformation (femur with respect to (fixed) tibia) leads to the follwing sign conventions:


flexion/extension:	+ flexion


Ab/Adduction:	+ Abduction (- : bow-legged)


Rotation:	+ external tibial rotation with respect to the femur


a-p drawer:	+ posterior drawer of the tibia


compr./distr.:	+ distraction


m-l shift:	+ medial translation of the tibia with respect to the femur





Tibiocalcaneal motion


Sequence: Z-Y-X (rAcalcaneus = [TAtibiaAcalcaneus] rAtibia = [Rzyx] rAtibia)


g:	plantar/dorsiflexion:	rotation about Z-axis of tibia (tibia-fixed axis)


b:	ab/adduction:	rotation about floating axis


a:	in/eversion:	rotation about X-axis of calcaneus (calcaneus-fixed axis)





Rzyx	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg,-(cosb sing),sinb,Hx + Hz sinb ,cosg sina sinb + cosa sing,cosa cosg - sina sinb sing,-(cosb sina),Hy cosa - Hz cosb sina ,-(cosa cosg sinb) + sina sing,cosg sina + cosa sinb sing,cosa cosb,Hz cosa cosb + Hy sina ,0,0,0,1))�





Determination of a, b, and g:	Solve for a, b, and g using appropriate elements 	of the matrix above














Remark:	To obtain the skin (external) marker based rotations, “femur”, “tibia” and “calcaneus” have just to be replaced with the respective external marker based segments (thigh, shank, shoe/foot).


Rotation Matrices


Note that:


ri	=	rotation around i-axis


a,b,g	=	rotation angles where a, b, and g corresponds to rotations around the x, y, and z axes


Rijk	=	[rk] * [rj] *[ri]








rx =	 � EQ \b\bc\[(\A\vs3\hs8\co4(1,0,0,Hx,0,cosa,-sina,0,0,sina,cosa,0,0,0,0,1))�	ry = � EQ \b\bc\[(\A\vs3\hs8\co4(cosb,0,sinb,0,0,1,0,Hy,-sinb,0,cosb,0,0,0,0,1))�	rz= � EQ \b\bc\[(\A\vs3\hs8\co4(cosg,-sing,0,0,sing,cosg,0,0,0,0,1,Hz,0,0,0,1))�








Rxyz	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg,cosg sina sinb - cosa sing,cosa cosg sinb + sina sing,Hx cosb cosg - Hy sing ,cosb sing,cosa cosg + sina sinb sing,-(cosg sina) + cosa sinb sing,Hy cosg + Hx cosb sing ,-sinb,cosb sina,cosa cosb,Hz - Hx sinb ,0,0,0,1))�





Rxzy	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg,sina sinb - cosa cosb sing,cosa sinb + cosb sina sing,Hx cosb cosg + Hz sinb ,sing,cosa cosg,-(cosg sina),Hy + Hx sing ,-(cosg sinb),cosb sina + cosa sinb sing,cosa cosb - sina sinb sing,Hz cosb - Hx cosg sinb ,0,0,0,1))�





Ryxz	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg - sina sinb sing,-(cosa sing),cosg sinb + cosb sina sing,Hx cosg - Hy cosa sing ,cosg sina sinb + cosb sing,cosa cosg,-(cosb cosg sina) + sinb sing,Hy cosa cosg + Hx sing ,-(cosa sinb),sina,cosa cosb,Hz + Hy sina ,0,0,0,1))�





Ryzx	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg,-sing,cosg sinb,Hx - Hy sing ,sina sinb + cosa cosb sing,cosa cosg,-(cosb sina) + cosa sinb sing,Hy cosa cosg - Hz sina ,-(cosa sinb) + cosb sina sing,cosg sina,cosa cosb + sina sinb sing,Hz cosa + Hy cosg sina ,0,0,0,1))�





Rzxy	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg + sina sinb sing,cosg sina sinb - cosb sing,cosa sinb,Hx cosb + Hz cosa sinb ,cosa sing,cosa cosg,-sina,Hy - Hz sina ,-(cosg sinb) + cosb sina sing,cosb cosg sina + sinb sing,cosa cosb,Hz cosa cosb - Hx sinb ,0,0,0,1))�





Rzyx	=	� EQ \b\bc\[(\A\vs3\hs8\co4(cosb cosg,-(cosb sing),sinb,Hx + Hz sinb ,cosg sina sinb + cosa sing,cosa cosg - sina sinb sing,-(cosb sina),Hy cosa - Hz cosb sina ,-(cosa cosg sinb) + sina sing,cosg sina + cosa sinb sing,cosa cosb,Hz cosa cosb + Hy sina ,0,0,0,1))�








† söderkvist([XA1,YA1,ZA1,...XAn,YAn,ZAn ; XB1,YB1,ZB1,...XBn,YBn,ZBn]) calculates [TAB] which provides the solution to the following least squares problem (Söderkvist and Wedin, 1993):


� EMBED Equation.2  ���; n ( 3
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