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SUMMARY 

The analytical inverse optimization method (ANIO) was 

used to study motor redundancy of a four-finger pressing 

tasks in different finger configurations.  The ANIO method 

produces a cost function from a set of experimental values 

recorded in a certain space of task constraints.  The task used 

required subjects to press with four-fingers to produce a 

given combination of total force and moment combinations.  

Subjects were asked to perform this for several finger 

configurations (i.e. I-finger raised).  It was assumed that the 

experimental data belonged to a plane if the first two 

components of a principle component analysis explained 

90% or more of the variance.  The ANIO method yielded the 

optimal plane of solutions and cost function coefficients 

(first- and second-order) for each finger.  Results indicate 

that the analytical optimal set of solutions was quite similar 

to the experimental values observed.  It also appears that the 

ANIO method was able to detect differences in individual 

finger function across subjects, which may be useful as a 

hand-function assessment tool. 

 

INTRODUCTION 

The problem of motor redundancy is one of the central 

problems of motor control [1].  Fundamentally, the problem 

exists because for any given motor task there are an infinite 

number of solutions because the number of elemental 

variables is greater than the number of constraints.  One 

approach to solving this problem has been analyzing 

potential cost functions that the CNS may be optimizing 

based on mechanical (i.e. energy, jerk), physiological (i.e. 

fatigue), or psychological (i.e. effort) variables [2,3,4,5,6,7].  

A new method was developed that identifies a cost function 

based on experimental data and certain assumptions [8], 

which is similar to other previously developed approaches 

[9,10].  This method is called analytical inverse optimization 

(ANIO).  The ANIO method is a mathematical tool that 

determines an unknown objective function based on a set of 

observations.  ANIO was first tested using static prehension 

tasks [8] and then more recently multi-finger pressing tasks 

[11].  The output of the ANIO method is the objective (cost) 

function, in particular weighting coefficients of the 

elemental variables (i.e. finger forces).  To check the 

performance of the reconstructed cost function the angle 

between the optimal plane of solutions and experimental 

plane of observations can be determined. The goal of the 

current experiment was to explore how different finger 

configurations would change the ANIO outputs during 

multi-finger pressing. 

 

METHODS 

Seven right-handed male volunteers (age: 28.86 ± 4.38 yr, 

weight: 73.76 ± 7.18 kg, height: 179.53 ± 8.35 cm, hand 

length: 18.71 ± 0.64 cm, and hand width: 8.53 ± 0.36 cm) 

participated in the experiment.  None of the subjects had a 

history of illness, injury, or disease that would affect their 

ability to perform the experimental tasks.  Normal forces 

were measured using four uni-dimensional force sensors 

mounted to a table.  The sensors were adjustable in the 

vertical direction as some conditions required one or two 

sensors to be raised 1.0 cm.  The data were collected using a 

custom written LabVIEW program (LabVIEW 8.0, National 

Instrument, Austin, TX) at a sample rate of 100 Hz. 
 

Prior to the main experimental sessions the maximum 

voluntary contraction (MVC) forces of the index finger 

alone (I) and four-finger (IMRL) pressing combinations 

were collected.  These were used to scale forces in the main 

sessions.  The main sessions required subjects to produce 

combinations of total normal force (FTOT) and moment of 

normal force (MTOT) in either pronation (PR) or supination 

(SU).  A 2D grid (moment on x-axis and force on y-axis) 

was shown on the computer screen with a target dot 

representing the desired combination of MTOT and FTOT.  The 

subjects actual MTOT and FTOT always started at point (0,0) 

and they were instructed to press so that their actual 

combination of MTOT and FTOT matched the target.  Trials 

lasted for 6 s. The force data for each trial were averaged 

over a 2 s window, from 3 to 5 s, and the average values 

were used in the analysis.  For each session subjects had to 

press at all combinations of 9 FTOT levels (20, 25, 30, 35, 40, 

45, 50, 55, and 60 % MVC) and 5 MTOT levels (2PR, 1PR, 

0PR, 1 SU, and 2SU).  FTOT was computed as the sum of all 

four finger’s normal forces.  A unit of MTOT was computed 

as the product of 7% of MVCI of the subject by the lever 

arm of the index finger (dI = 4.5 cm): 

 

���� � � � 0.07 � 
� � ���  
 

where b = {–2, –1, 0, 1, 2} and MVCI was the MVC of I-

finger.  There were four main sessions for the following 

conditions: all fingers flat, I-, IL-, and MR- raised.  Each 

session consisted of 45 trials (9 force levels × 5 moment 

levels).  For the raised conditions fingers were raised 1.0 cm 

using rigid metal spacers. 
 

The data were analyzed using both the ANIO approach and 

principle component analysis (PCA).  The PCA analysis was 

used to check whether the finger force data were confined to 

a plane.  The force data were considered to lie in a plane if a 

large percentage of the total variance (>90%) was explained 

by the first two principle components.  The force data being 

confined to a two-dimensional plane indicates that the cost 

function is quadratic (proved in Terekhov et al. 2010).  This 

means that the ANIO approach should only include the 
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quadratic (ki) and linear (wi) coefficient terms.  The cost 

function was represented in the following form: 

 

� �  1
2 � ������� �  �������

��
 

 

Where F stands for the finger force, i = {index, middle, ring, 

little}.  If the first two components did not explain at least 

90% of the variance for a given finger configuration that 

data set was removed and not included in further analysis (9 

of the 28 sessions had to be removed – all finger(s) raised 

conditions).  The changes in finger force coefficients for 

each of the raised conditions compared to the flat condition 

were the main data of interest. The dihedral angle was 

compared as it represents the angle between the plane of 

optimal solutions and plane of experimental observations.  

 

RESULTS AND DISCUSSION 

The average results of various measures are presented.  The 

PCA analysis is presented in Figure 1.  Across all conditions 

approximately 75% and 20% of the variance was explained 

by the first and second PC components, respectively. 
 

 
Figure 1: Percent of variance explained by the first two 

components of the PCA.  Error bars are SE. 

 

The dihedral angle between the experimental and optimal 

plane was generally small, between 2° and 6° (Figure 2).  

The largest angle was observed for the IL-raised condition 

and the smallest angle for the flat condition. 
 

 
Figure 2:  Dihedral angle between experimental and optimal 

planes.  Error bars are SE. 

 

The first and second order coefficients computed using the 

ANIO method are given in Table 1.  No clear pattern of 

change was observed for the second order coefficients (ki’s).  

The first order coefficients of I-, M-, and R-fingers had the 

greatest negative magnitude when the fingers were raised 

compared to other conditions in which they were not raised. 

 

CONCLUSIONS 

The results show that the ANIO method was able to 

reconstruct the cost functions that identify optimal sets of 

forces comparable to actual forces produced by subjects in a 

redundant force-moment production task. The cost functions 

happened to be quadratic with non-zero linear terms.  

Compared to the flat condition the deviation between the 

optimal and experimental planes was greater for the raised 

finger(s) conditions.  The large variance in the first and 

second order coefficients across subjects could be related to 

individual finger strength or anatomical differences.   
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Table 1:  Second (ki) and first (wi) order coefficients.  Standard errors given. 

Condition kindex kmiddle kring klittle windex wmiddle wring wlittle 

FLAT 1.00 0.63 ± 0.07 0.68 ± 0.07 0.88 ± 0.26 -0.56 ± 0.12 0.58 ± 0.08 0.50 ± 0.22 -0.53 ± 0.17 

I 1.00 0.67 ± 0.18 0.43 ± 0.09 0.70 ± 0.16 -0.65 ± 0.31 0.54 ± 0.46 0.85 ± 0.28 -0.75 ± 0.23 

IL 1.00 0.61 ± 0.07 0.49 ± 0.17 0.59 ± 0.24 -0.69 ± 0.06 0.71 ± 0.13 0.64 ± 0.31 -0.66 ± 0.17 

MR 1.00 0.66 ± 0.14 0.78 ± 0.10 0.63 ± 0.18 0.36 ± 0.22 -0.43 ± 0.16 -0.23 ± 0.37 0.30 ± 0.29 

Note: Raised finger coefficients are bolded.  Kindex = 1.00  ki of other fingers were normalized to kindex. 
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