
 
 

VISCOELASTIC INCOMPRESSIBLE LAYER MODEL FOR ARTICULAR CARTILAGE CONTACT  

 

 Ivan Argatov and Gennady Mishuris  

 Institute of Mathematics and Physics, Aberystwyth University, 

Ceredigion SY23 3BZ, Wales, UK; email: iva1@aber.ac.uk  

 

SUMMARY 

A new asymptotic methodology for modelling tibio-femoral 

contact which is capable of accurately describing mechanical 

contact behavior of thin articular cartilage layers near the 

compaction point is developed. In the framework of the 

viscoelastic incompressible cartilage model, the unilateral 

three-dimensional contact problem for articular cartilage 

layers bonded to subchondral bones is considered under the 

assumption that the subchondral bones are rigid and shaped 

like elliptic paraboloids. The exact analytical solution to the 

contact problem is obtained in a closed form. The new contact 

model for tibio-femoral contact incorporates the previously 

developed asymptotic contact model for thin biphasic layers. 

 

INTRODUCTION 

Biomechanical contact problems involving transmission of 

forces across biological joints are of considerable practical 

importance in surgery. Many solutions to the axisymmetric 

problem of contact interaction of articular cartilage surfaces in 

joints are available. In [1], an asymptotic solution for the 

contact problem of two identical biphasic cartilage layers 

attached to two rigid impermeable spherical bones was 

obtained. This solution was extended [2,3] to a more general 

axisymmetric model which can be used for dynamic loading. 

These axisymmetric models have been widely used as 

theoretical background in modeling the articular contact 

mechanics. Recently, the analysis of [2] was extended [4,5] by 

formulating the refined contact condition which takes into 

account the tangential displacements at the contact region. 

  

It should be emphasized that the axisymmetric assumption is a 

limitation of the analytical solutions [1–5]. The axisymmetric 

model of articular contact mechanics [1,2] was generalized for 

the three-dimensional case in [6] and the exact closed-form 

solution of the contact problem for biphasic cartilage layers 

attached to rigid bones shaped like elliptic paraboloids was 

obtained. Another drawback of the asymptotic model [1,2] 

concerns the behavior of thin biphasic layers. As it was 

observed earlier [7], the asymptotics [1] was constructed for 

the small time scales, and the model [1,2] is not valid for long 

times compared with the typical diffusion time. As a 

consequence of this, the asymptotic models [1–6] cannot 

describe the behavior of articular cartilage layers near the 

compaction point, where all pore fluid is squeezed out and the 

load is fully carried by the extracellular matrix. 

 

In his study, we develop a new asymptotic methodology for 

modelling tibio-femoral contact which is capable of accurately 

describing the mechanical behavior of thin articular cartilage 

layers near the compaction point.  

 

METHODS 

We use asymptotic modeling approach which is a complex 

analytical mathematical technique of analyzing mathematical 

models. In particular, making use of a formal asymptotic 

expansion of the integral operator in contact problem for an 

elastic layer [8] obtained by the distributional asymptotic 

analysis method, we construct asymptotic models of contact 

behavior for thin elastic layers in two cases: (a) Poisson’s 

ratios of the layer materials are not very close to 5.0 ; (b) the 

layer materials are incompressible with Poisson’s ratio of 5.0 . 

Then, applying the viscoelastic correspondence principle [9] 

to the associated elastic equations, we obtain the governing 

integral equations for viscoelastic contact problems.  

 

Further, we show that according to [1], a thin biphasic layer in 

the contact interaction involving transmission of loads across 

joints in the small time scales behaves like an incompressible 

viscoelastic material following the Maxwell model. Thus, the 

developed analytical method [6] can be extended by analogy 

to the case of elliptical contact between thin layers of general 

viscoelastic material properties.  

 

Finally, it is known [1] that, following the general procedure 

of contact mechanics [10], the problem of interaction of two 

thin elastic or biphasic layers can be reduced to the indentation 

problem with the compound parameters. In the viscoelastic 

case, this reduction procedure is not so straightforward, since 

it is complicated by the necessity to introduce the compound 

creep and relaxation functions that should be reciprocal. That 

is why, we consider the viscoelastic interaction contact 

problem for two dissimilar thin layers, while the indentation 

problem is obtained as a particular case by setting one of the 

elastic modulus equal to infinity.  

 

RESULTS AND DISCUSSION 

The viscoelastic incompressible layer asymptotic model of the 

contact interaction between articular cartilages can be 

formulated as follows. The contact pressure density ),( tp x  

satisfies the governing integral equation  
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Here, )(0 t  is the relative contact approach, x and )(tH  are 

Laplace operator and Heaviside function, h  and E  are the 



joint cartilage thickness and the relaxed elastic modulus, 

function )(x  describes the contact geometry,   is a dummy 

variable, and )(t  is the compound creep function given by 

(with )(1 t  and )(2 t  being the creep functions of layers) 
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Contact region )(t  is determined by the following boundary 

conditions [1,2] imposed on the contact contour )(t :  
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where n /  is the normal derivative, while the equilibrium 

equation relates the external load and contact stresses as 
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In the case of subchondral bones are rigid and shaped like 

elliptic paraboloids, we have  

2

2
2

1

2
1

22
)(

R

x

R

x
x                             (4) 

and the problem (1)–(3) admits a closed-form solution [6]. 

 

Maxwell model of viscoelastic material is represented by a 

series combination of an elastic spring and a dashpot [11], 

which is characterized by the following non-normalized creep 

and relaxation functions: 
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Here, 0E  and 0  are the instantaneous elastic modulus and a 

relaxation time. For the sake of brevity in notation only, we do 

distinguish between the non-normalized functions (4) and the 

dimensionless normalized ones 0/1 t  and )/exp( 0t . 

 

In view of (5), we can rewrite Eq.(1) as follows: 
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Observe that for 5.0 , i.e., in the case of incompressible 

viscoelastic material, we have 00 3GE  , where 0G  is the 

instantaneous shear modulus. Thus, Eq. (6) coincides with the 

resulting governing integral equation derived as a result of 

asymptotic analysis in [1] for describing the short-time contact 

of thin biphasic cartilage layers. 

 

CONCLUSIONS 

It is shown that the new contact model for tibio-femoral 

contact (1)–(3) incorporates the previously developed in [1] 

asymptotic contact model for thin biphasic layers (6).  

 

By choosing the creep functions of articular cartilage layers 

)(1 t  and )(2 t  from experiments, it will be possible to 

describe mechanical contact response of thin articular cartilage 

layers near the compaction point. The obtained closed-form 

analytical solution of the three-dimensional contact problem 

(1)–(4) can be used for developing  musculoskeletal models 

[12,13] of the knee joint for multibody dynamic simulations. 

 

Applying perturbation technique the developed mathematical 

model of articular contact can be extended [14] to the case of 

contact between arbitrary viscoelastic incompressible coating 

layers bonded to rigid subchondral bones shaped close to an 

elliptic paraboloid with arbitrary small variations.  

 

A complete version of the study [15] has been accepted for 

publication in the journal “Applied Mathematical Modelling”. 
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